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We show that the evolution of the average intensity of cw beams in a quasi-phase-matched quadratic
(or x s2d) medium is strongly influenced by induced Kerr effects, such as self- and cross-phase
modulation. We prove the existence of rapidly oscillating solitary waves (a spatial analog of the guided-
center soliton) supported by the quadratic and induced cubic nonlinearities. [S0031-9007(97)03436-4]
PACS numbers: 42.65.Tg, 03.40.Kf, 42.65.Jx, 42.65.Ky
One of the most spectacular manifestations of non-
linearity in physical systems is the existence of solitary
waves, which occur when dispersion (or diffraction) is
balanced by nonlinearity. In nonlinear optics the funda-
mental equation to describe solitary waves is the nonlinear
Schrödinger equation, valid for both pulse (temporal) and
beam (spatial) propagation in a medium with cubic (or
Kerr) nonlinearity. However, as has been already estab-
lished (see Ref. [1] to cite a few), solitary waves can also
exist in media with quadratic nonlinearity as a result of
cascading, under the condition of phase matching.
Solitary waves in quadratic (or x s2d) materials have
attracted growing attention, because of the possibility to
employ large second-order nonlinearities for the needs of
all-optical switching. Such spatial solitary waves have
been recently observed experimentally in a potassium-
titaynl-posphate bulk crystal and in a LiNbO3 slab
waveguide [2]. However, the efficiency of the cascaded
nonlinearities in those experiments was quite low, and thus
high input powers were required. This was partly because
of the limitations imposed by the use of conventional
phase-matching techniques based on birefringence and
temperature tuning.
In the context of second-harmonic generation the quasi-
phase-matching (QPM) technique is known as an attrac-
tive way to obtain good phase matching, and has been
studied intensively (see Ref. [3] for a review). The QPM
technique relies on the periodic modulation of the non-
linear susceptibility and/or refractive index, by which an
additional (grating) wave vector is introduced, which can
compensate for the mismatch between the wave vectors
of the fundamental and second-harmonic waves. With the
QPM technique, phase matching becomes possible at am-
bient temperatures, and does not introduce spatial walk
off; the polarization with the largest nonlinearity can be
used, and materials with strong nonlinearities can be ex-
plored, which are not phase matchable by angle or tem-
perature tuning. The physics of QPM has been known
since 1962 [4], but only recently have the experimental
difficulties been overcome and stable techniques been de-
veloped, such as domain inversion in ferroelectric materi-
als [5], proton exchange [6], and etching and cladding [7],
to mention a few.
In view of this an important question is: Can QPM
be employed to achieve self-trapping of light and to
support spatial solitary waves in quadratic materials?
The answer is not obvious, because resonances between
the domain length of the periodic structure and the
beam characteristic length might induce instability. In
this Letter we therefore investigate self-trapping and
propagation of spatial solitary waves in QPM quadratic
media, and derive effective average equations that are
shown to include both quadratic and periodicity-induced
cubic nonlinearities. We prove the existence of a novel
class of solitary waves, QPM solitons, supported by the
competing nonlinearities, and we analyze their structure
and stability.
We consider the interaction of a cw beam with the
fundamental frequency v and its second harmonic s2vd,
propagating in a QPM x s2d slab waveguide, where only
the nonlinear susceptibility is modulated. Assuming non-
linearity to be of the same order as diffraction, the evolu-
tion of slowly varying beam envelopes is governed by the
normalized equations (see, e.g., Refs. [3,4,8,9])
i
›W
›z
1
1
2
›2W
›x2
1 dszdWpVe2ibz ­ 0 ,
i
›V
›z
1
1
4
›2V
›x2
1 dszdW2eibz ­ 0 ,
(1)
where W sx, zd and V sx, zd are the envelopes of the fun-
damental and the second harmonic, respectively. The
parameter b ­ Dkjkv jx20 is proportional to the phase
mismatch Dk ­ 2kv 2 k2v , kv and k2v being the wave
numbers at the two frequencies. The normalization pa-
rameter x0 is equal to the input beam width. Spatial walk
off is neglected; it will usually not be present in QPM ma-
terials, since perpendicular or parallel polarization states
can be employed. The transverse coordinate x is mea-
sured in units of x0, and the propagation coordinate z is
measured in units of the diffraction length ld ­ x20 jkv j.
The spatial, periodic modulation of the nonlinear suscepti-
bility xs2d is described by the QPM-grating function dszd,
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whose amplitude is normalized to 1, and whose domain
length we define as pyk. In general, the periodic func-
tion dszd can be expanded in a Fourier series
dszd ­
X
n
dne
inkz , (2)
where the summation is over all n from 2‘ to ‘.
In many physical applications the QPM grating can be
well approximated by the square function depicted in
Fig. 1, for which the Fourier series (2) contain only odd
harmonics, d2n ­ 0 and d2n11 ­ 2yips2n 1 1d.
Inserting dszd, given by Eq. (2), into Eqs. (1) and mak-
ing the transformation W sx, zd ­ wsx, zd and V sx, zd ­
ysx, zd expsib˜zd, we obtain the equations
i
›w
›z
1
1
2
›2w
›x2
1dmw
py1wpy
X
nÞm
dne
isn2mdkz­ 0,
i
›y
›z
1
1
4
›2y
›x2
2b˜y1d2mw
21w2
X
nÞ2m
dne
isn1mdkz­ 0,
(3)
where b˜ ­ b 2 mk is the effective phase-mismatch
parameter for QPM of the mth order. We assume that the
QPM period is well controlled, so that b ø mk. This
means that b˜ is of the order of one or less (ideally 0),
even though b might be large itself.
Equations (3) include coefficients that are periodically
varying with the period 2pyk. If k is sufficiently large,
the dynamics could therefore be adequately described by
averaged equations. Physically, mk ø b À 1 means that
the coherence length lc ­ 2pyDk is much smaller than the
diffraction length ld , since b ­ 2pldylc. To derive these
equations we use an approach based on the asymptotic
expansion technique, which has been successfully applied
in many types of soliton problems [10].
We consider therefore the case where k À 1 and
expand the functions wsx, zd and ysx, zd in a Fourier
series
w ­
X
n
wne
inmkz, y ­
X
n
yne
inmkz, (4)
where wnsx, zd and ynsx, zd are assumed to vary slowly
compared with expsikzd. This gives the equations for the
coefficients wn and yn. Now, following the reasoning of
FIG. 1. Schematic presentation of a crystal with the typical
square QPM modulation of the x s2d nonlinearity.
Refs. [10], we assume that the higher harmonics are of
order of 1yk ¿ 1 or smaller, compared to the averages
w0 and y0. Taking into account only the lowest order
terms in the equations for the harmonics, we then derive
the following relations:
wn ­
1
mk
µ
dsn11dm
n
¶
wp0y0, yn ­
1
mk
µ
dsn21dm
n
¶
w20 ,
(5)
Inserting the harmonics (5) into the corresponding equa-
tions for w0 and y0, and taking only lowest order pertur-
bations into account, we arrive at the average equations
i
›w0
›z
1
1
2
›2w0
›x2
1 dmw
p
0y0 1 sgjw0j2 1 rjy0j2dw0 ­ 0,
i
›y0
›z
1
1
4
›2y0
›x2
2 b˜y0 1 d2mw
2
0 1 2hjw0j2y0 ­ 0,
(6)
where g, r, and h are all of the order of 1yk and given
by
g ­
1
mk
X
nÞ0
gn
n
, r ­
1
mk
X
nÞ0
rn
n
,
h ­
1
mk
X
nÞ0
hn
n
,
with gn ­ dmsn21ddms12nd, rn ­ dpmsn11ddmsn11d, and
hn ­ dmsn11ddms2n21d. From Eqs. (6) follows the im-
portant result that the QPM grating introduces an effective
cubic nonlinearity in the form of self- and cross-phase
modulation terms. However, the self-phase modulation
does not appear for the second harmonic, making the
localized solutions and the system dynamics be different
from the earlier analyzed case of competing nonlinearities
[9,11]. Thus, the so-called V soliton [11], where w0 ­ 0
and y0 is a nonlinear Schrödinger soliton, does not exist
in Eqs. (6).
Let us consider the most efficient QPM of first order,
m ­ 1, and the square grating depicted in Fig. 1, for
which the Fourier series contains odd components only.
Then, the expansions for w and v involve only even
components, and the coefficients g, r, and h become real
and related
r ­ h ­ 2g ­
1
k
X
nÞ0
d22n21
2n
.
Equations (6) therefore reduce to the following:
i
›w0
›z
1
1
2
›2w0
›x2
2 ixwp0y0 1 gsjw0j2 2 jy0j2dw0 ­ 0,
i
›y0
›z
1
1
4
›2y0
›x2
2 b˜y0 1 ixw
2
0 2 2gjw0j2y0 ­ 0,
(7)
where both the quadratic and cubic nonlinearity coef-
ficients are calculated in an explicit form, x ­ 2yp,
g ­ k21s1-8yp2d. Note the py2 phase shift in front of
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the quadratic terms and the opposite signs of the cubic
self- and cross-phase nonlinear terms.
We look for stationary solutions to Eqs. (7) in the form
w0sx, zd ­ w˜0sxdeilz , y0sx, zd ­ iy0sxde2ilz , (8)
where the real and localized profiles w0sxd and y0sxd are
determined by the set of ordinary differential equations
1
2
d2w0
dx2
2 lw0 1 xw0y0 1 gsw˜20 2 y˜
2
0dw0 ­ 0 ,
1
4
d2y0
dx2
2 sb˜ 1 2ldy0 1 xw20 2 2gw
2
0y0 ­ 0 ,
(9)
Analysis shows that localized solutions (8) exist only for
positive values of the wave number l, satisfying l .
maxh0, 2b˜y2j. Note again the py2 phase shift appearing
in the definition of the stationary solutions (8), in order
for w0sxd and y0sxd to be real.
Localized solutions of Eqs. (9) have been found nu-
merically for any allowed value of l and for the coef-
ficients that correspond to the square grating. Figure 2
shows some of the properties of these numerical solutions
for k ­ 10, e.g., the ratio of peak intensities vs l and
the characteristic profiles of the solutions for l ­ 1, com-
pared with the corresponding results for the zero-order
approximation (g ­ 0, dashed curves).
Looking at the ratio of the peak intensities shown in
Fig. 2(a), the cubic correction terms are seen to have a
significant effect. In the zero-order approximation sg ­
0d, this ratio is a constant for b˜ ­ 0, which we find
numerically to be 0.6865. However, in the QPM system
with the induced Kerr effects sg Þ 0d, this ratio tends to
x2y18gl for l À 1, shown as a dotted curve.
In the original variables, the stationary solutions w0
and y0 correspond to self-guided beams with rapidly
oscillating intensities given by
Iw ­ jW j2 ­ w20 1
8
pk
w20y0
‘X
n­1
coss2nkzd
4n2 2 1
,
Iy ­ jV j2 ­ y20 2
8
pk
w20y0
‘X
n­1
coss2nkzd
4n2 2 1
.
Since dszd is real, Eqs. (1) conserve the total power
FIG. 2. Soliton families of the QPM system (7) for k ­ 10
(solid curves) and the zero-order approximation (g ­ 0, dashed
curves). (a) Ratio between the peak intensity of the second
harmonic, y20s0d, and the fundamental, w20s0d, vs l. The value
of b˜ is indicated at each pair of curves. The dotted curve
shows the asymptotic result x2y18gl. (b) Profiles w20sxd and
y20sxd for b˜ ­ 0 and l ­ 1.
P ­
Z ‘
2‘
sIw 1 Iyd dx ,
which is also equal to the average power, since Iw 1
Iy ­ w
2
0 1 y
2
0. The dependence of the total power on
the soliton propagation constant l is shown in Fig. 3 for
k ­ 10.
For negative b˜ there is a power threshold for the
existence of solitons, which occurs close to the cutoff
at l ­ maxh0, 2b˜y2j. The induced Kerr effects are
seen to increase this threshold power. However, for
positive b˜ the Kerr effects decrease the power required
for generating a solitary wave with a certain propagation
constant l. Stability analysis of the zero-order equations
sg ­ 0d has been developed in Ref. [12]. We except that
similar results would apply when the induced Kerr effects
are taken into account, namely that the solitary waves are
stable for dPydl . 0, and unstable for dPydl , 0.
In order to test our asymptotic results, we use a QPM
soliton as the initial condition in Eqs. (1), which we solve
numerically for the square grating shown in Fig. 1. The
results for b˜ ­ 0 and k ­ 10 are plotted in Fig. 4 and
show clearly that the soliton propagates undistorted along
z, oscillating with the period pyk.
We have made a series of such numerical experiments
for b˜ ­ 0, in which we propagate the QPM solitons,
record their peak intensities in a while number of periods
pyk after steady state is reached, and calculate the
average, maximum, and minimum values in a period. The
results are summarized in Fig. 5. The measured ratio
of the average peak intensities of the excited solitons,
shown in Fig. 5(a), deviates clearly from the prediction of
the zero-order approximation sg ­ 0d, but is in excellent
agreement with the theory that takes into account the
induced Kerr effects, even for k ­ 4. Also the measured
maximum and minimum values, shown in Fig. 5(b), are
in perfect agreement with our theory. It is important to
note that k ­ b ­ 4 corresponds to ldylc ­ 2yp , and
thus our averaged equations seem to be applicable even
FIG. 3. Power vs propagation constant l for the soliton
families of the QPM system (7) for k ­ 10 (solid curves)
and the zero-order approximation (g ­ 0, dashed curves). The
value of b˜ is indicated at each pair of curves.
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FIG. 4. Excitation of a QPM soliton with b˜ ­ 0, k ­ 10,
and l ­ 0.4. (a) Intensity of the fundamental, Iwsx, zd,
sampled at z ­ n4pyk, where n is an integer. Contour plot
with ten equidistant levels between 0.1 and 1.92. (b) Peak
intensities, Iws0, zd and Iys0, zd, of the two harmonics.
when the diffraction length and the coherence length are
of the same order, ld , lc.
We note that the average QPM soliton in quadratic
media predicted in this Letter can be regarded as a spatial
analog of the guided-center soliton [13], known from the
theory of pulse propagation in nonlinear optical fibers
with periodic amplification and dispersion management
[14]. However, unlike the guided-center soliton, the
periodic modulation of the quadratic nonlinearity does
not alter the existing nonlinearity, it induces effective
higher order nonlinearities, which we have shown can
significantly modify the solitary waves.
In conclusion, we have shown that the dynamical equa-
tions describing cw beams in QPM quadratic media in-
clude periodicity-induced Kerr effects, such as self- and
cross-phase modulation. These effective equations apply
to the case when the diffraction length is on the order of
or larger than the coherence length, ld $ lc. We have nu-
merically found rapidly oscillating, spatial solitary waves
in the physically relevant regime of the QPM domain
length and the phase mismatch. Structure and stability of
these spatial QPM solitons have been investigated in the
framework of the average dynamical equations, and also
FIG. 5. Theoretical and measured (circles, dots, and squares)
characteristics of the QPM solitons for b˜ ­ 0. (a) Ratio of the
average peak intensities vs l for k ­ 4 (dashed curve, circles)
and k ­ 10 (solid curve, dots). The dotted line corresponds
to g ­ 0. (b) Mean (solid curve, squares), maximum (dotted
curve, dots), and minimum (dashed curve, circles) values in
a period of the fundamental peak intensity Iws0, zd vs k for
l ­ 0.4.
verified by direct numerical simulations. We believe our
results reveal an important physical mechanism, by which
QPM can lead, at a fixed propagation distance, to a reduc-
tion of the power required for supporting self-trapping in
quadratic media.
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